''PolyCAD'', a CAD program designed for X-ray photon tracing in polycapillary optics, is described. To understand the PolyCAD code and its results, the theoretical bases of X-ray transmission by a single cylindrical channel (monocapillary) are discussed first. Then cases of cylindrical, lens and semi-lens shaped polycapillary optics are examined. PolyCAD allows any type of X-ray source to be used: an X-ray tube of finite beam dimensions or an astrophysical object can be simulated in combination with the polycapillary optics. The radiation density distribution images formed on a screen located at various focal distances are discussed. The good agreement of the PolyCAD results with experimental and previous theoretical calculations validate the code.
Introduction
The use of polycapillary optics to control X-ray beams in analytical X-ray apparatuses for diffraction and fluorescence analysis is becoming increasingly important. In the near future polycapillary optics will be widely used in many different fields, e.g. aerospace research, medicine, biology and so on [1] . Our strong interest in the development of these devices led to the idea of creating a ray tracing program that allows us to simulate the process of radiation propagation through polycapillary optical systems and to visualize the radiation distributions at the optical output.
At present there are few procedures available for evaluating X-ray transmission by capillary structures in the case of peculiar configurations, see for instance [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . One of the first papers [2] reported X-ray radiation transmission by a hollow glass pipe. This code also considered (i) the presence of a rough surface as an X-ray anomalous dispersion effect, (ii) radiation penetration into the channel wall and (iii) the possible presence of micro-dust inside the channel.
Another algorithm [3] for X-ray transmission by capillaries of various shapes runs in the geometrical optics approximation; for this reason it is simpler and more flexible than the previous model.
The first X-ray tracing codes were developed in 1992 by Hoffman et al. [4] , Thiel [5] and by the Institute for Roentgen Optics, for a review look at [12] . However, these simulations used a number of simplifications based either on capillary system with cylindrical symmetry or on the meridional ray approximation, which is valid only for describing radiation propagation through a bundle of channels or a monocapillary concentrator.
To the authorsÕ knowledge, the most advanced and complete softwares for X-ray tracing inside capillary channels are four. The first code [6, 9] traces the trajectory of each photon including the corrections of absorption and roughness; according to some experimental results, the authors are able to evaluate the roughness of the channel. The second one [7] uses the SHADOW ray tracing software, adapting it to the channel shape. In addition, recently some new works based on SHADOW ray tracing were published [13, 14] . The last code [8, 10] uses a Monte Carlo simulation for X-ray radiation propagation through hollow channels. The theoretical results obtained by this code agree quite well with the experimental data, although the algorithm is rather simple due to the geometrical optics approximation and to the circular cross section of the channelÕs shape.
The main aim of all these simulation codes is to optimize both the channel size and the optical shape in order to obtain highly efficient optical systems. Obviously, this is very important from the viewpoint of the development of capillary optics technology. However, analysis of the radiation distribution features, reported in a number of papers [15] [16] [17] is particularly interesting. (Some of the earlier publications are cited in [17] .) In these papers the experimental data were validated by means of analytical estimations based on the wave theory of radiation propagation.
Before we continue any further, let us clarify the terminology used in this work: (1) a monocapillary is a single capillary; (2) a polycapillary is a set of closely packed monocapillaries; (3) a lens is a device that concentrate the radiation in a point or in a small region; (4) a semi-lens, or a half-lens is a device that can concentrate a quasi-parallel beam in a point and vice versa by reversing the geometry.
Here, we introduce an X-ray tracing code for polycapillary optics, named PolyCAD. A previous version was designed for cylindrical optics only [18, 19] . Now, the software can simulate monocapillary and polycapillary optics with any shape. The advantage of the code lies in its precise mathematical solutions for each given optical shape. Comparison of the results of PolyCAD and of the previous algorithms [5] [6] [7] [8] 12 ] revealed some differences, due to the fact that PolyCAD is free of many of the algorithmic constraints.
In the first part of our paper the theoretical basis of a cylindrical monocapillary is explained; in the second part numerical results and simulations are reported. In the last part we compare experimental data with our predictions.
Theoretical ground
To estimate the correct behavior of the rays inside the capillary, it is possible to use some simple analytical considerations [15] . The total beam intensity I(h), where h is the angle formed by the exit photons direction and the capillary axis, is given by all the contributions of the photon families that pass through the capillary; each family is defined by the number of its reflections:
where N is the maximum number of reflections. It is clear that the intensity I m (h) is strictly dependent on the reflection coefficient R 0 , namely, on the mth power of R 0 :
. . .
In order to consider the total radiation intensity on a screen behind a monocapillary, I(h) has to be integrated over the whole plane, so
the last result is due to the assumption of an axial symmetry of the system. As can be seen from Fig. 1 , if a screen is placed at P1, near the focal point f2, characterized by the ray family with a maximum number of two reflections, the image on the screen is smaller than in any other configuration. Moreover, for only two reflections, there are five different areas of interaction (Fig. 1) . However, if the screen is placed at P2, far from the focal point, the picture on the screen does not have a simple shape, but has some zones that are more intense than others (Fig. 1) . The inner surface of the capillary can be divided into a discrete set of zones according to the number (1, 2, . . .) of reflections of each photon trajectory. If the origin of the reference system (x, y, z) is located at the end of the capillary and the z-axis coincides with the capillary axis, each zone along the surface has a length given by the following expression:
where f is the distance between the end of the capillary and the screen. Looking at Fig. 2 and considering only the upper propagation case, each area has a maximum angle h and a portion of interaction on the screen, defined by
where d is the diameter of the capillary and R m 0 is the mth reflection coefficient.
The maximum angle for each reflection family can be evaluated as
From these formulas it is clear that the difference between two consecutive maximum angles is constant and depends only on the properties of the system. When these properties are fixed, the maximum number of reflections can be easily evaluated:
Since there must be at least one reflection, Eq. (7) becomes the well known expression:
Eq. (8) states that the maximum number of reflections depends only on the length and on the diameter of the capillary; this result is exact if the source is placed along the monocapillary z-axis. Eq. (8) also remains a good approximation if the source is close to the optical axis (Fig. 1) . Obviously, in the general case, there are some problems because an off-axis source makes some zones inside the capillary unsuitable for photon reflection [20] .
The code
In our previous report [18] the code was based on the geometrical symmetry of the system, so the radiation image on a screen could be evaluated only if the shape of capillary was cylindrical. We will show here the additional features recently introduced in the PolyCAD code in order to make it more flexible and complete.
During the upgrading of the code in order to include other capillary shapes, the complicated definition of the reflection angle a ref introduced some problems. For a cylindrical capillary it is easy to find the following relation for a ref :
where a is the polar angle and h is the angle on the inlet plane (see [18] ).
Since the conical polycapillary case, the x angle, formed by the two projections of the X photon trajectory and of the z-axis on the tangent plane, is still a function of a and h, but now there is also an indirect dependence on the conical semi-opening angle b. This indirect dependence is due to the fact that the trajectory of a photon is generally oblique with respect to the capillary axis. Thus, a new parameter that takes into account the off-axis angle must be included, which does not allow us to transfer in a simple way a 3-D problem into a 2-D one, as was done in the case of a cylindrical optics [18] . Nevertheless, knowing the photon starting point, (i.e. the source point P s ) and the point P 0 on the inlet plane, it is possible to define the vectordirection of the photon. An equation system between the photon path and the capillary surface equation allows to describe the photons trajectory inside any generic capillary optics.
In this paper we will use an elliptical toroid as the shape for full and semi-lens: each channel axis describes an ellipse. The difficulty of describing this optics is due to the fact that the channel is not formed by a complete rotation along the axis like in the case of a circular toroid; in this case we rewrote analytically the surface equations.
Numerical results
To show how PolyCAD works we report the most significant results using different source shapes. We will start showing the results obtained using a point source, located at finite or infinite distance, up to a source with a 3-D shape. 
Polycapillary semi-lens
In this section we will consider a polycapillary semi-lens with cylindrical channels. We want to use the optics as a converter of divergent rays to a parallel beam, thus as a preliminary step we considered a point source located at finite distance. The amplitude of the incident angle a can be chosen randomly from zero to any prefixed value according to the distance source-lens: in the optimal setup each entering ray should be tangent to the channel axis.
The conditions for the simulation are: (i) 1 keV and 8 keV point source located at finite distance, (ii) semi-lens polycapillary with an inlet radius of 0.8 cm, while the radius of a single channel is q = 0.9 lm.
In Figs. 3 and 4 the photon density distributions are shown for the two source energy values (1 and 8 keV) . The z-axis coincides with the optical system axis. The spatial X photon distribution n p (x, y, z) is collected by moving the screen xy along z, where n p is the number of photons per unit area impinging on the screen. The Figs. 3 and 4 show the distribution n p (x, y = 0,z), i.e. the photon density variation along the optical axis (top image). In the lower panel we report the same density using a contour plot.
Even if the exit beam, in Fig. 3 , is not strictly parallel, with simple considerations the density gain can be evaluated by comparing the integrated density distribution in an area equal to exit optics surface, with and without the insertion of the polycapillary semi-lens. In such a way the density gain measured, e.g. at a distance of 2 m, is about 100.
A polycapillary semi-lens can be used also as a focusing optics for parallel beam. In Figs. 5 and 6 we show the simulation results obtained using a parallel beam source at the same energies and the same polycapillary geometrical parameters as previously used. A sharp intensity peak is formed at a distance from the exit of polycapillary of about 9 cm, showing the presence of a focal point. The size of the focal point area is here defined as the screen area having a beam intensity higher than 10% of the maximum. The gain, i.e. the ratio between the number of photons in the focal point area with and without the lens, is about 17 and 14, respectively, for 1 keV and 8 keV energy sources.
Evidence of a focusing effect by a cylindrical polycapillary
As a good example of the PolyCAD flexibility in treating different optical configurations we would like to show Fig. 3 . Density distribution for a polycapillary semi-lens along the xz plane with y equal to zero. The calculations were performed in the soft Xray region (1 keV). Even if the beam is essentially parallel, after $1 meter is evident an increase of the intensity in the central beam region. This effect is due to the residual beam divergence. how a polycapillary optics can manage X-rays coming from a tri-dimensional sources. We will consider two spherical sources located at different positions respect to the cylindrical polycapillary lens (Fig. 7) , placed on the y = 0 plane.
The cylindrical polycapillary is characterized by the following parameters: (i) length 10 cm; (ii) polycapillary radius 1 cm, single channel radius 0.9 · 10 À3 cm. The Xray source is realized by two spherical surfaces emitting isotropically 1 keV photons. The spheres radius is 0.2 cm (S 1 ) and 0.1 cm (S 2 ), respectively. The distance of the bigger sphere from the polycapillary inlet plane is 30 cm, while the distance of the smallest sphere is 43 cm. On the xy plane the spheres distance is 0.56 cm.
In Figs. 8 and 9 are shown the density intensity distributions on the xz plane. As the sphere S 2 is smaller, the intensity peak due to the sphere S 2 is narrower and higher than the one due to the sphere S 1 .
Looking at the S 1 focal plane image, there is a significant contribution of S 2 photons, showing that this optical system has a ''depth of field'' depending on the source distance. Indeed the depth of field seems to be proportionally correlated to the distance of the source.
Focusing problem with a full-lens
As a possible definition of focal plane for a full-lens, and similarly for a semi-lens, we consider the intersection point Fig. 6 . Density distribution (8 keV source) for a semi-lens polycapillary along the xz plane with y equal to zero, in focusing configuration. Like in the previous figure, at the expected distance is evident a focused spot. In this case the gain is about 14. of the tangent line to the curved channels axis, at the inlet polycapillary surface, with the polycapillary axis. In our calculation we used a lens having entrance and exit focal distances of 8.8 cm.
In Fig. 10 is represented the density distribution on the xz plane, obtained placing a point source along the polycapillary axis in a position having a distance of 5 cm far from the entrance focal point, using the same polycapillary parameters of the previous section. A first peak is placed symmetrically to the source: nevertheless another peak is present which collects another family of allowed photons [21, 22] .
On the contrary, when the source is placed at the correct focal position, as shown in Fig. 11 , a single strong and intense peak is present. Its intensity is about one order of magnitude higher than in Fig. 10 . This comparison shows how much can be critical the correct positioning of the lens respect to the source and to the screen [23] [24] [25] .
Comparison with experimental results
While in our previous work we compared PolyCAD results with theoretical calculations of various authors [18, 19, 21, 22 ]; now we can compare PolyCAD with experimental data.
We report the experimental results by Shcherbinin et al. [26] , obtained with a polycapillary semi-lens, used at BESSY to focalize synchrotron radiation with an energy of 8 keV. The parameters about this optics are entering and exit diameters of 8.5 and 6.3 mm respectively, length of $47 mm. Fig. 10 . Density distribution along the xz plane with y equal to zero for a polycapillary full-lens. The image shows two peaks, caused by the nonperfect focal positioning of the source; in particular the higher peak is formed by a secondary family of photons, [21, 22] . Fig. 11 . Density distribution along the xz plane with y equal to zero for a polycapillary full-lens. The source is placed in correspondence of the focal point. In Fig. 12 we report the density distribution on the xz plane calculated using the same configuration for an elliptical toroid shape. We find a focal spot at about 60 mm, while Shcherbinin reported an experimental focal distance of $74 mm. This discrepancy is due to the fact that we are using an ideal optics, with a perfect elliptical shape having a perfectly regular capillary distribution, without roughness. On the contrary, as shown in Figs. 13 and 14 , the spot size at the focal point correspond to the experimental one, about 0.4 mm radius.
The quality of our results is emphasized also by our estimation of the transmission coefficient, which is 34% in agreement with the IRO Group result of 39%.
Conclusion
In this paper we have reported a description of the Poly-CAD software designed for polycapillary optics simulations. Using the ray optics approximation in the ideal case of total external reflection, i.e. without absorption effects by the optical channel walls, this algorithm allows us to (i) simulate the transport of an X-ray beam inside the capillary channels having different geometrical shapes using point-like or extended sources, (ii) analyze the simulation results calculating the photon density distributions and visualizing the spot images formed on screens placed at different positions respect to the optics.
After a description of the theoretical basis and of the computational details, we reported the numerical analysis for various source-optics configurations. This code can accurately describe the radiation distribution behind the optics, as shown in Figs. 5 and 11.
We found a good agreement comparing our theoretical results with experimental data, obtained at BESSY synchrotron radiation. In particular, we obtain a very close value for the transmission coefficient and for the spot dimensions at the focal position. A discrepancy between the focal lengths can be ascribed to the constructive details of the real polycapillary used for the experiment.
At present we are working on improvements of the Poly-CAD program capabilities to deal with more general polycapillary optics shapes. However, to understand the fine features of X-ray propagation through polycapillary lenses it is mandatory to consider the X-ray wave interaction with the inner capillary surface (see details in the review [17] ). This will constitute the future development of PolyCAD.
